We introduce an experimental procedure for the detection of quantum entanglement of an unknown quantum state with a small number of measurements. The method requires neither a priori knowledge of the state nor a shared reference frame between the observers and can thus be regarded as a perfectly state independent entanglement witness. The scheme starts with local measurements, possibly supplemented with suitable filtering, which essentially establishes the Schmidt decomposition for pure states. Alternatively we develop a decision tree which reveals entanglement within few steps. These methods are illustrated and verified experimentally for various entangled states of two and three qubits. Introduction.-Entanglement is the distinguishing feature of quantum mechanics and it is the most important resource for quantum information processing [1, 2] . For any experiment it is thus of utmost importance to easily reveal entanglement, best with as little effort as possible. Common methods suffer from disadvantages. On the one hand, employing the Peres-Horodecki criterion [3, 4] or evaluating entanglement measures, one can identify entanglement in arbitrary states, however, it requires full state tomography. On the other hand, various entanglement witnesses [4] [5] [6] [7] [8] [9] [10] can be determined with much fewer measurements but give conclusive answers only if the state under investigation is close to the witness-state, i.e., they require a priori knowledge.
Introduction.-Entanglement is the distinguishing feature of quantum mechanics and it is the most important resource for quantum information processing [1, 2] . For any experiment it is thus of utmost importance to easily reveal entanglement, best with as little effort as possible. Common methods suffer from disadvantages. On the one hand, employing the Peres-Horodecki criterion [3, 4] or evaluating entanglement measures, one can identify entanglement in arbitrary states, however, it requires full state tomography. On the other hand, various entanglement witnesses [4] [5] [6] [7] [8] [9] [10] can be determined with much fewer measurements but give conclusive answers only if the state under investigation is close to the witness-state, i.e., they require a priori knowledge.
Recently, it has been shown that the existence of entanglement can be inferred from analyzing correlations between the measurement results on the subsystems of a quantum state. Only if the state is entangled, the properly weighted sum of correlations will overcome characteristic thresholds [11] . Here we further develop this approach to obtain a simple and practical method to detect entanglement of all pure states and some mixed states by measuring only a small number of correlations. Since the method is adaptive it does not require a priori knowledge of the state nor a shared reference frame between the possibly remote observers and thus greatly simplifies the practical application. We describe two schemes where the first one essentially can be seen as a direct implementation of Schmidt decomposition, which identifies the maximal correlation directly. For bipartite pure systems, this approach can conceptually be divided into two stages: (i) calibration that establishes the experimental Schmidt decomposition [12, 13] of a pure state by local measurements and suitable filtering and (ii) two correlation measurements to verify the entanglement criterion. The second scheme shows how to use a decision tree to obtain a rapid violation of the threshold thereby identifying entanglement.
Entanglement criterion.-For a two-qubit quantum state ρ, Alice and Bob observe correlations between their local Pauli measurements σ k and σ l , respectively. They are defined as the expectation values of the product of the two measurements, T kl = Tr[ρ(σ k ⊗ σ l )], with the so called correlation tensor elements T kl ∈ [−1, 1]. The local values T k0 (T 0l ), with σ 0 being the identity operator, form the local Bloch vector of Alice (Bob). Using these measurements a sufficient condition for entanglement can be formulated as [11, 14] :
For pure states this is also a necessary condition, while for mixed states care has to be taken. For those the likelihood for detecting the entanglement decreases with purity. An extension of (1) can generally identify entanglement of an arbitrary mixed state, however, then loosing the state independence [11] . Note two important facts. First, Eq. (1) can be seen as a state independent entanglement witness derived without any specific family of entangled states in mind. Second, to test whether the state is entangled, it is sufficient to break the threshold, i.e., it is neither required to measure all correlations nor to compute the density matrix [25] . Rather, it is now the goal to find strategies which minimize the number of correlation measurements. We show how this can be done by a particularly designed decision tree, or by identifying a Schmidt decomposition from local results and filtering when necessary. Schmidt decomposition.-Consider pure two qubit states. Any such state has a Schmidt decomposition (2) where the coefficients are real and the local bases {|a , |a ⊥ } and {|b , |b ⊥ } are called the Schmidt bases. Once the bases are known, Alice constructs her local measurements σ z = |a a| − |a ⊥ a ⊥ | and σ y = i |a ⊥ a| − i |a a ⊥ |, and so does Bob in analogy. 
we see that the required coefficients can be inferred directly from the local Bloch vectors, α = (sin 2ξ A cos ϕ A , sin 2ξ A sin ϕ A , cos 2ξ A ) on Alice's side, and similarly for Bob. The global phase of |b ⊥ shows up as the relative phase in the decomposition (2), i.e. |ψ S = cos θ |a |b + sin θe iφ |a ⊥ |b ⊥ (with |b ⊥ = e iφ b ⊥ ). It can be determined, for example, from the T yy correlation
. If Bob would use the basis {|b , |b ⊥ } to build his observables σ z and σ y , the corresponding correlations T y y = sin 2θ cos φ would vanish for cos φ = 0 and the two measurements T z z and T y y would not suffice to detect entanglement. In such a case, however, the other two correlations, T x y and T y x , are non-zero, and can be used to reveal entanglement. Therefore, the determination of φ in the calibration is not essential if one accepts possibly one more correlation measurement.
Second, in case of vanishing local Bloch vectors, the pure state under consideration |ψ m is maximally entangled and admits infinitely many Schmidt decompositions. In order to truly prove entanglement Bob can thus freely choose some basis, say computational basis, for which the state will now be of the form
(|a |0 +|a ⊥ |1 ). The basis of Alice can be found after filtering by Bob in his Schmidt basis: F = |0 0| + ε |1 1| (for an actual implementation see experimental section). When Bob informs Alice that his detector behind the filter clicked, the initial state becomes
Note that due to filtering a nonvanishing local Bloch vector emerges for Alice. Thus the respective Schmidt basis can be found with the method described above and be used for the evaluation of T also applies directly to mixed states. Alice and Bob choose three orthogonal local directions x, y and z independently from each other and agree to only measure correlations along these directions. In Fig. 1 we show exemplarily which correlations should be measured in order to detect entanglement in a small number of steps. Starting with a measurement of T zz , one continues along the solid (dotted) arrow, if the correlation is higher (lower) than some threshold value (e.g. 1/2 in Fig. 1 ). The tree is based on the principle of correlation complementarity [15] [16] [17] [18] : in quantum mechanics there exist trade-offs for the knowledge of dichotomic observables with corresponding anti-commuting operators. For this reason, if the correlation |T zz | is big, correlations |T zx |, |T zy |, |T xz | and |T yz | have to be small because their corresponding operators anti-commute with the operator σ z ⊗ σ z . Therefore, the next significant correlations have to lie in the xy plane of the correlation tensor and thus the tree continues with a measurement of the T yy correlation. This concept can be generalized to multiqubit states, a decision tree for three qubits is given in the Appendix. The number of detected states grows with the number of steps through the decision tree. Since condition (1) is similar to the purity of a state, obviously, the scheme succeeds the faster the more pure a state is (see Appendix for detailed analysis). Varying the threshold value does not lead to any significant changes in the statistic of detected states.
Finally, we connect both methods discussed here for the analysis of multiqubit states. A numerical simulation for pure states reveals that the correlation measure- (|H |H + e iδ |V |V ) is created by type I SPDC
process. An Yttrium Vanadate crystal (YVO4) is used to manipulate the phase δ of the prepared state. For preparation and analysis of the state half-(HWP) and quarter (QWP) waveplates are employed. Brewster plates (BP) can be introduced to make the state asymmetric and to perform the filter operation, respectively. ment along local Bloch vectors gives correlations close to the maximal correlations in more than 80% of the cases. Therefore, these local directions give an excellent starting point for the decision tree.
Experiment.-For the demonstration of these new simple analysis methods we first use two photon polarization entangled states. In the following we will thus replace the computational basis states by horizontal (|0 → |H ) and vertical (|1 → |V ) linear polarization, respectively. The photon source (see Fig. 2 ) is based on the process of spontaneous parametric down conversion (SPDC) using a pair of crossed type I cut β-BariumBorate (BBO) crystals pumped by a CW laser diode at a wavelength of λ pump = 402nm with linear polarization of 45
• . It emits pairs of horizontally and vertically polarized photons which superpose to the state |Ψ = 1 √ 2
(|H |H + e iδ |V |V ) [19] . The spectral bandwidth of the photons is reduced to 5nm using interference filters and two spatial emission modes are selected by coupling the photon pairs into two separate single mode fibers.
For the purpose of preparing any pure two-qubit state, the polarization of each photon can be rotated individually by a set of quarter-(QWP) and half (HWP) waveplates in each mode. By tilting an Yttrium Vanadate crystal (YVO 4 ) in front of the BBOs, the relative phase δ between the photon pairs can be set. Additionally, the state can be made asymmetric by removing a portion of vertically polarized light in one spatial mode with a Brewster plate (BP). In the last step of the experiment, the polarization of each photon is analyzed with additional half-and quarter waveplates and projection on |H and |V using a polarizing beam splitter (PBS). The local filtering of a maximally entangled state can be accomplished by placing a Brewster plate in front of the analysis waveplates. This Brewster plate reflects with a certain probability vertically polarized photons and together with detection of a photon behind the Brewster plate implements the filtering operation (4). Finally, the photons are detected by fiber-coupled single photon detectors connected to a coincidence logic.
Experimental Schmidt decomposition.-Let us consider the state shown in figure 3a) . The protocol starts with Alice and Bob locally measuring the polarization of the photons enabling them to individually determine the local Bloch vectors. For high efficiencies, e.g., possible in experiments with atoms or ions, the local measurements can indeed be done independently [26] . If nonvanishing local Bloch vectors can be identified, one can proceed to the next step. For the example here, the local expectation values are close to zero and filtering has to be applied. By using a Brewster plate in front of Bob's analysis waveplate and under the condition that the filtering operation is successful, local Bloch vectors emerge (see Fig.  3b ) [27] , in this case we obtain T 0l = (0.000, 0.040, 0.334) and T k0 = (0.188, −0.034, 0.336).
In the next step Alice and Bob use their local Bloch vectors to realign their analyzers to the new local Schmidt bases {|a , |a ⊥ } and {|b , |b ⊥ }, respectively. This diagonalizes the correlation tensor as depicted in figure 3c ). Therefore, it is only necessary to measure T z z = 0.922±0.015 and T y y = −0.864±0.015 to prove entanglement since T 2 z z + T 2 y y = 1.597 ± 0.038 > 1. Hence, 2 × 3 local measurements are needed in the first step of the algorithm, if necessary three combined measurements are needed for filtering, and finally only two correlation measurements have to be performed for entanglement detection.
Application of the decision tree.-In order to demonstrate the application of the decision tree we will apply it to three states. For the first state (|H |H + |V |V ), whose correlation tensor is depicted in 4a) the decision tree (see Fig. 1 ) starts with the measurement of the correlation T zz = 0.980 ± 0.015 and continues with T yy = −0.949 ± 0.015. These two measurements already prove entanglement since T (|R |R + i |L |L ), (see Fig. 4b ), we obtain a correlation of T zz = −0.056 ± 0.015, close to zero. Consequently, the next steps according to our algorithm ( Fig. 1) are to determine the correlation T yy = 0.978 ± 0.015 followed by T xz = −0.959 ± 0.015 , with their squares adding up to a value of 1.879 ± 0.041 > 1 and hence proving entanglement. As a last example we consider the initial state of Fig. 3 . According to our decision tree we need to measure T zz = 0.768 ± 0.015, T yy = 0.018 ± 0.015 and T yx = −0.922 ± 0.015, thus giving a value of 1.440±0.036 > 1 and proving entanglement with only three steps.
Many qubits.-For the demonstration of multiqubit entanglement detection, we use two three-photon polarization entangled states: the W state [20] and the G state [21] (see Fig. 5 ). In order to observe these states, a collinear type II SPDC source together with a linear setup to prepare the four-photon Dicke state D (2) 4 is used [22, 23] . Once the first photon is measured to be vertically polarized, the other three photons are projected into the W state. Similarly, the three-photon G state is obtained if the first photon is measured to be +45 The local Bloch vectors suggest that the correlation T xxx is big. Therefore the decision tree starts with the measurement of T xxx = 0.904 ± 0.025 and continues with T xzz = −0.578 ± 0.025 (see Fig.  7 in the Appendix). These two measurements already prove entanglement because T 2 xxx + T 2 xzz = 1.152 ± 0.038 > 1. For the W state, the local Bloch vectors: T i00 = (0.016, −0.070, 0.318), T 0j0 = (−0.010, −0.073, 0.308) and T 00k = (−0.011, −0.0547, 0.319) suggest that now the correlation T zzz is big. Indeed, we observe T zzz = −0.882 ± 0.025. The decision tree is the same as above but with local axes renamed as follows x → z → y → x. Therefore, the second measurement has to be T zyy . With T zyy = 0.571 ± 0.025 we again prove entanglement as T plemented two methods for fast entanglement detection for states about which we have no a priori knowledge. They are well suited for quantum communication schemes as the parties do not have to share a common reference frame, making the scheme insensitive to a rotation of the qubits during their transmission to the distant laboratories. The two methods use a particularly simple and practical entanglement identifier [11] . One of them can be seen as experimental Schmidt decomposition and the other establishes a sequence of correlation measurements leading to entanglement detection in a small number of steps. We thank M.Żukowski for stimulating discussions. This work is supported by the EU project QESSENCE, the DAAD/MNiSW, the DFG-Cluster of Excellence MAP, and by the National Research Foundation and Ministry of Education in Singapore. WL is supported by the MNiSW Grant no. N202 208538 and by the Foundation for Polish Science. CS thanks QCCC of the Elite Network of Bavaria for support.
Appendix: Decision Tree
This section is devoted to study the efficiency of the decision tree algorithm described in the main text. Some results in this section are analytical and some are numerical. In all our numerical investigations (unless explicitly stated otherwise) we used the decision tree of the main text (for two qubits) and in cases when going through the whole tree did not reveal entanglement we augmented it with additional measurements of those correlations which were not performed until that moment. The order of the additional measurements also results from the correlation complementarity (anti-commutation relations) [15] . With every remaining measurement we associate the "priority" parameter
that depends on the measured correlation tensor elements of the decision tree in the following way
2) According to the correlation complementarity there is a bigger chance that this correlation is significant if the value of the corresponding parameter is small. Therefore, the correlations T ij with lower values of P ij are measured first.
Let us consider the following example. The measured correlations of the decision tree are as follows: T zz = 0.7, T xx = 0.1, and T yy = 0.4. Therefore, P xy = P yx = T As an illustration of how the decision tree works for a well-known class of mixed states we first consider Werner states. It turns out that not all entangled states of the family can be detected.
Consider a family of states
where
(|01 − |10 ) is the Bell singlet state, An exemplary class of density operators for which the decision tree detects all entangled states is provided by:
where entanglement is mixed with colored noise |01 bringing anti-correlations along local z axes. This state has the following non-vanishing elements of its correlation tensor T xx = T yy = −p and T zz = −1. Therefore, the decision tree allows detection of entanglement for this class of states in two steps. Note that the state is entangled already for an infinitesimal admixture of the Bell singlet state as can be shown for a random choice of local coordinate systems.
c. Random mixed states Fig. 6 shows how the efficiency of the algorithm grows with the purity of tested states. The efficiency is measured by the fraction of detected entangled states obtained from extensive Monte Carlo sampling in the two qubit state space. For nine steps the algorithm detects all the pure states. This is expected because Eq. (1) of the main text is a necessary and sufficient condition for the detection of entanglement of pure states.
Many qubits a. Algorithm for generation of the tree
The principle behind the decision tree is the correlation complementarity [? ] . Correlation complementarity states that for a set of dichotomic anti-commuting operators {α 1 , . . . , α k } the following trade-off relation is satisfied by all physical states:
where T α1 is the average value of observable α 1 and so on. Therefore, if one of the average values is maximal, ±1, the other anti-commuting observables have vanishing averages. This motivates taking only sets of commuting operators as different branches of the decision tree. 
b. Decision tree for three qubits
This tree is an example of the application of the algorithm presented in the previous section. Fig. 7 shows only one branch of the whole tree.
A numerical simulation reveals that the correlation measurement along local Bloch vectors gives correlations close to the maximal correlations of a pure multi-qubit state in more than 80% of the cases. Therefore, these local directions give an excellent starting point of the decision tree.
Exemplarily, the branch begins with T xxx assuming that this correlation is big. If the local Bloch vectors indicate correlation along a different directions it is advantageous to correspondingly change the elements of the decision tree (see main text). 
